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1D DYNAMIC NON-LINEAR NUMERICAL ANALYSIS OF EARTH SLOPES: THE
ROLE OF SOIL DUCTILITY AND TIME-SENSITIVENESS
Claudio Giulio di Prisco
Politecnico di Milano
Milano, ITALY 20133

Federico Pisanò
Politecnico di Milano
Milano, ITALY 20133

ABSTRACT
The mechanical response of dry granular slopes subjected to dynamic perturbations is tackled from a theoretical/numerical viewpoint.
A 1D geometrical/numerical scheme is adopted to analyze infinitely long strata: the dynamic activation of shallow translational failure
mechanisms (as well as the displacement performance far from collapse) is analyzed by means of a self-made FEM code.
The soil mechanical behavior is described by means of a simplified viscoplastic one-dimensional constitutive model, capable of
reproducing both ductile (hardening) and brittle (softening) mechanical responses. The dependence of numerical results on the soil
“time-sensitiveness”, as well as the differences between viscoplasticity and standard rate-independent plasticity, is discussed. For the
case of impulse-like loads (Ricker wavelets), the influence of the ratio between the dominant wavelength and the stratum thickness on
the overall deformation mechanism is commented. The response of the slope to a real accelerometric record is finally illustrated.

INTRODUCTION
Slope stability under dynamic/seismic actions is a very
challenging topic in the field of earthquake geotechnical
engineering. In the recent and less recent past the large losses
in terms of both goods and human lives have put in evidence
the crucial role could be played by the comprehension of the
seismic response of natural earth slopes for the improvement
of risk evaluation skills and mitigation techniques, at least as
far as a local scale is concerned.
The most widespread approach for analyzing the dynamic
performance of earth slopes is still based on the early
Newmark’s intuition, primarily conceived for earth dam and
embankment applications (Newmark 1965). According to the
Newmark approach, the slope is considered as a rigid-block
sliding along a frictional interface, where all the irreversible
displacement are supposed to be concentrated. In this
approach several weaknesses can be envisaged: among these,
the fundamental ones concern the assumption of rigid motion
of the slope and the existence of a unique sliding surface. In
order to extend the applicability of the rigid-block model,
since 70s several strategies have been introduced in literature.
For instance, among these the decoupled continuum/rigid
block mixed method (Makdisi and Seed 1978) and the multiblock model (Kramer and Smith 1997) can be cited. An
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overview of several available simplified methods for seismic
slope stability analysis is provided by Kramer (Kramer, 1997)
and, more recently, by Bray (Bray, 2007).
Nevertheless, in the last decades the possibility of numerically
simulating the dynamic mechanical response of slopes in 2D
and 3D has been largely investigated and noticeable efforts
have been done to improve the numerical treatment of coupled
multiphase problems and the implementation of sophisticated
constitutive relationships (Prevost et al. 1985, Zienkiewicz et
al. 1999).
In this paper a trial for conjugating simplicity and a
satisfactory description of essential problem aspects is
proposed and, at the same time, some conceptual
considerations about the problem of dynamic slope stability
are stated. In particular, a simplified one-dimensional
numerical model is employed to highlight the role played by
the essential features of the soil mechanical behavior – like
ductility and time-sensitiveness – in determining the dynamic
performance of the slope. In this perspective, the suitability of
a continuum approach is stressed once again, as, with respect
to standard simplified methods, it allows for a better
comprehension of physical phenomena.

1

NUMERICAL
MODEL

ALGORITHM

AND

CONSTITUTIVE

The boundary value problem analyzed hereafter concerns the
propagation of shear waves across an inclined dry soil layer
resting on a rigid bedrock. As the system is assumed to be
infinite along the x direction (as well as along the out of plane
one), the problem can be treated as one-dimensional, so that
all the mechanical variables depend uniquely on the z
coordinate: so the system geometry is fully determined once
the stratum thickness H and its inclination α are assigned. A
sketch of the problem is given in Fig. 1.

and three quadrature points. The system has been integrated in
time by employing the so-called HHT/α-method (Hilber et al.,
1977), which is a well-known improvement - unconditionally
stable - of the standard Newmark algorithm (Newmark, 1959).
Time marching requires at each step the solution of the nonlinear global system through the Newton-Raphson algorithm.
Moreover, a second iterative procedure is necessary for the
discrete integration of the constitutive law at the Gauss point
level. The solving scheme can be recognized implicit both
globally and locally.

Viscoplastic constitutive shear model

x

H
soil
z

α

bedrock

The use of viscoplasticity is not yet so widespread for seismic
applications, even though it is suitable for capturing the timesensitiveness of the soil mechanical behavior. In order to
stress the differences between viscoplasticity and the more
popular Kelvin-Voigt viscoelastic model, in Fig. 2 a reological
scheme of an elasto-viscoplastic model is sketched.

Ug (t)

Fig. 1. Geometrical scheme of the analyzed boundary value
problem.
Since the goal of this work is to study the dynamic
performance of the stratum under shear disturbances, the
problem has been further simplified by assuming, analogously
to linear elasticity, the shear stress to be uniquely dependent
on the corresponding shear strain. As a consequence the
number of unknowns decreases abruptly, as the displacement,
strain and stress fields are described by the following few
components: the displacement U(z) (along the x direction), the
shear strain γ(z), the stresses τ(z) (shear component) and σ(z)
(normal z component, statically determined as a function of
both α and the soil unit weight). This assumption allows to
obtain qualitatively reasonable results, although it implies two
fundamental shortcomings: (i) as is well-known, all the normal
components of the stress tensor influence the soil deviatoric
response (in particular the inelastic one); (ii) a pure shear
model cannot be extended to the case of a two-phase (solidfluid) medium.
Numerical approximation
The set of differential equations governing the 1D motion of a
continuum medium has been approximated through the
standard Galerkin-Finite Element method (Zienkiewicz and
Taylor, 2000), where the problem unknown is the nodal
displacement vector U. The bedrock is considered to be rigid
and, as consequence, the U last component (at z=H) is
imposed and set equal to the function Ug(t) (Fig. 1),
representing the input ground motion.
All the numerical results presented in the following have been
obtained by performing the space discretization of the stratum
by means of quadratic 1D finite elements, having three nodes
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Fig. 2. Reological scheme of an elastoviscoplastic model.
Fig. 2 puts in evidence the following items:
(1) in viscoplasticity energy dissipation is associated to the
development of inelastic strains, taking place (in case of
perfect viscoplasticity) while exceeding the material strength
(friction block in Fig. 2);
(2) similarly to a Maxwell viscoelastic model, once the
inelastic behavior is triggered, the dashpot element (viscosity)
and the spring (elasticity) work in series; the opposite is
assumed in the parallel Kelvin-Voigt scheme.
(3)
As is well-known, this latter aspect plays an essential role in
determining the soil damping properties and their dependence
on the loading frequency. When the dashpot is put in series to
the spring, the damping coefficient D – which is defined as
usual – decreases with the frequency, in contradiction with
what a Kelvin-Voigt constitutive law predicts. As far as this
issue is concerned, in the last decades several authors
(Shibuya et al. 1995, Santucci de Magistris et al. 1999, Meng
2003) have experimentally supported the idea that D is a
decreasing function of frequency within a quite large
frequency range, in particular when the cycle amplitudes are
increased and the loading frequency reduced. In order to
clarify this concept, in Fig. 3 a series of torsional shear
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experimental test results are compared with the ideal trends
would be simulated by employing elasto-hysteretic, KelvinVoigt viscoelastic and viscoplastic constitutive models. It is
worth noting that standard elasto-plasticity merges in this
figure the elasto-hysteretic curve. As is evident, the
viscoelastic model seems to be appropriate only for high
frequency values, whilst viscoplasticity fits satisfactorily the
experimental data for low values.
Furthermore, the employment of elasto-viscoplasticity is
further encouraged in case of slope stability problems,
requiring as a crucial issue the prediction of irreversible
displacements for evaluating the safety of the system
(Newmark, 1965).

The constitutive equations can be written as it follows:


τ G=
γ e G γ − γ vp
a )=

b) f= τ − σ tan φ ( λ )

c=
) γ vp sign (τ ) ⋅ λ

m


d ) λ = η f σ

(

)
(1)

where G is the elastic shear modulus, λ is the plastic
multiplier, η ([s-1], fluidity parameter) and m (dimensionless)
are two viscoplastic parameters; dots stand for time derivative,
whilst <f/σ> outputs 0 when the argument is negative and the
argument itself when it is positive. The hardening rule,
governing the local evolution of the tangent of ϕ, is expressed
in a finite form as it follows:

(

 tan φ p + e − aλ tan φ0 − tan φ p

tan φ = 
 tan φ + e − bλ ( tan φ − tan φ )
r
t
r


)

λ ≤ λt
(2)

λ > λt

where ϕ0, ϕp and ϕr are constitutive parameters coinciding
with the friction angle values at first yielding, at peak and at
residual conditions respectively; the constitutive parameters a
and b describe the evolution of tanϕ versus λ, λt represents a
threshold separating the hardening and the softening regime
and ϕt is determined by enforcing the continuity of tanϕ at
λ=λt. For instance when λt is imposed equal to zero and ϕp>ϕr
the elasto-softening behavior can be reproduced (dashed line
in Fig. 4). The hardening rule (2) can be set to reproduce
several
different
behaviors,
as
for
instance
hardening/softening,
purely
hardening
(ϕ0<ϕp=ϕr),
elasto/softening (ϕ0=ϕp>ϕr) and also perfect viscoplasticity
(no hardening, ϕ0=ϕp=ϕr). In Fig. 4 the hardening rules
employed in the following are plotted.
Fig. 3. Dependence of damping coefficient on loading
frequency for different types of soil (from di Prisco et al.,
2007).
As was mentioned above, the soil constitutive relationship is
formulated as a τ-γ model. Its basic features are summarized
here below:
(1) strains γ are small and they can be split into a linearelastic part γe and an inelastic one γvp.
(2) the increment of γvp is evaluated according to the theory of
standard viscoplasticity, by introducing a standard Perzyna
viscous nucleus definition;
(3) the yield function f is defined in the τ-σ plane. Thanks to
the constitutive relation employed and to the kind of dynamic
perturbation imposed, the σ stress is constant in time;
(4) a isotropic strain-hardening constitutive relationship is
introduced. The hardening variable ϕ (friction angle) defines
the opening angle of the yield locus and it is assumed to
evolve as a function of λ.
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Fig. 4. ϕ-λ “hardening” and “softening” rules.
The proposed constitutive model is capable of capturing the
effects of rate-dependency and ductile/brittle behaviors, but
not of accurately reproducing the accumulation of irreversible
strains during cyclic loading.

3

From a mathematical viewpoint, equations (1) allow to
introduce the time-factor in the constitutive relationship by
substituting the consistency rule with the definition of the
viscous nucleus (eq. 1d). In this model inelastic strains do not
develop instantaneously, since the shear strain rate is a
function of the yield limit violation (eq. 1c). As is well-known,
viscoplasticity can be considered as an intermediate step
between elasticity and standard plasticity, as can be inferred
from equation (1d). In order to clarify this concept in Fig. 5
the responses of a material point subjected to two different
sinusoidal strain histories (same amplitudes but different
frequencies) for different values of η are compared. When η=0
a purely elastic response is got, whilst by increasing η the
standard rate-insensitive elasto-perfectly plastic response is
progressively approached (in this case hardening has been
neglected, ϕ0=ϕp=ϕr).

usefulness of preliminary elastic analyses (§3.2), the influence
on numerical results of the material rate-sensitiveness is
discussed with reference to both the aforementioned ductile
and brittle behaviors, also including in most cases a
comparison with the time-independent (elasto-plastic)
response (§3.3).
In the performed numerical analyses both the slope inclination

α and the input motion have been kept fixed, and the influence

of both the stratum thickness H (§3.3) and the elastic stiffness
G (§3.4) (i.e. of the elastic shear wave velocity Vs too) is
discussed.
In Table 1 the geometrical/mechanical parameters employed
for non-linear analyses are summarized. Bold typeface
symbols stand for kept constant parameters.
Table 1. Geometrical/Mechanical Properties.
GEOMETRY
H [m]
α [°]
10,
5, 2
25
MATERIAL PARAMETERS
Density/elastic
3
G [MPa]
Vs [m/s]
δ [kg/m ]
20,80,320
100, 200, 400
2000
Viscous
η [s-1]
m [-]
1
1, 10, 50, ∞
Plastic/Hardening
ϕ0 [°] ϕp [°] ϕr [°]
a [-]
b [-]
λt [-]
25
30
30
500
500
0.01
Plastic/Softening
ϕ0 [°] ϕp [°] ϕr [°]
a [-]
b [-]
λt [-]
30
30
26
100
100
0

Fig. 5. Viscoplastic cyclic shear response for different η and
loading frequency equal to (a) 6 Hz and (b) 0.5 Hz.

(elasto-plastic analyses correspond with η=∞).
Most results are presented in terms of inelastic strains, γvp
(viscoplastic) and γp (plastic), and irreversible displacement
Uirr, which is obtained by spatially integrating along z the
unrecoverable strains:
H

As previously mentioned, Fig. 5 clearly illustrates the
dependence of the damping ratio D on both η and the loading
frequency f.

U irr ( z , t ) = ∫ γ vp / p ( z ′, t ) dz ′

(3)

z

Input ground motion
NUMERICAL ANALYSES
In this section the results of several numerical analyses are
presented. They concern the dynamic response of a soil
stratum dynamically shaken by imposing a Ricker wavelet as
an input ground motion. After an introduction about the
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All the numerical results presented in section 3 are obtained
by imposing on the lower boundary the following
displacement time history (Fig. 6):

{

2
2
U g ( t=
) A  β ( t − t0 ) − f p  ⋅ exp − (π f max )( t − t0 )

}

(4)

4

where t0=0.25 s, fmax=6 Hz, fp=0.01 Hz, β=7.106 m-3,
A=0.23022 m*s. The amplitude parameter A has been set in
order to get a PGA=0.5 g.

In elasticity the dynamic stresses calculated are independent
on the stratum inclination. Since in elasticity effects can be
superimposed, the total stresses are obtained by adding to
static stress distribution the dynamic one. Furthermore, the
dynamic elastic solution is proportional to the imposed PGA:
this implies a simple generalization of numerical results when
in equation (4) solely parameter A is varied.
In Fig. 7 the elastic numerical results are plotted by taking into
consideration the distribution of ϕmob peak values along the
vertical axis. These results have been obtained by using the
input signal in Fig. 6 and by considering different stratum
thicknesses H (ranging from 20 to 1 m). The comparison is
made meaningful by adopting a normalized depth z/H.

Fig. 6. Input ground motion/Ricker wavelet: (a) displacement
time history and (b) Fourier spectrum.
As is well-known, the use of a Ricker wavelet allows to grasp
some features of the system dynamic response as a function of
geometrical and mechanical parameters. In truth slope
movements triggered by impulse-like loading are also not
infrequent, as in case of natural/artificial slopes in the vicinity
of quarries.

Elastic prediction of the system mechanical response
The two standard approaches employed for interpreting the
mechanical response of soil deposits consist in (i) performing
1D elastic numerical analyses to reproduce the wave
propagation within the deformable medium, (ii) employing the
previously mentioned Newmark method to quantify the
irreversible displacements induced by seismic actions.
Actually, preliminary elastic analyses can be useful for
roughly understanding what kind of motion the slope
undergoes (either synchronous or asynchronous) and for
predicting the spatial distribution of the most stressed zones.
This latter goal can be achieved, in case of frictional materials,
by employing the material mobilized strength. This can be
expressed, in a Mohr-Coulomb-like interpretation, by the
mobilized friction angle ϕmob=arctan(τ/σ).
To graphically describe the spatial distribution of the most
stress zones, the following procedure has been chosen:
(1) setting of the stratum thickness, calibration of the soil
elastic properties and choice of the input ground motion with a
reference peak amplitude;
(2) elasto-dynamic analysis;
(3) definition of the mobilized friction angle envelope,
obtained at each depth z recording the ϕmob peak value during
time.
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Fig. 7. Peak mobilized friction angles along depth for different
H values (α=25°, δ=2000 kg/m3, Vs=100 m/s).
The curves above highlight the transition through three
different behaviors, associated to the H variation:
(1) for the largest thicknesses (20, 10 m) the most stressed
zones are positioned at the top and bottom of the stratum. At
the top the influence of the free surface condition is
fundamental, as it implies a constructive interference of
incident and reflected waves; at the bottom the soil/rock
impendence ratio essentially determines the action severity,
which is expected to decrease if more compliant bedrocks are
considered;
(2) by gradually reducing H (5, 2 m), the aforementioned
zones begin to interact, so that much more uniform
distributions are found;
(3) If H is further decreased the distribution becomes almost
uniform and the corresponding values progressively reduce:
the limit value which is asymptotically reached coincides with
the slope inclination α. Indeed, if the stratum becomes
sufficiently thin, it moves simultaneously with the underlying
bedrock, so that neither displacement gradients nor dynamic
shear stresses are generated.
The mechanical responses briefly described here above are
essentially due to the modification of both the Λ/H ratio
(between the maximum wavelength propagating and the
stratum height) and the mass of the soil deposit (Kramer and
Smith 1997).

5

Obviously several ways for varying the Λ/H ratio can be
conceived, as for instance the modification of the system
elastic properties. In Fig. 8 the effect of a non-homogeneous
distribution of the shear modulus G is illustrated, which is
really known to increase in situ with the confining pressure
(and so with the depth). The envelope in Fig. 7 concerning the
10 m-thick slope has been re-determined by assuming G to
depend on z according to the following power-law:

=
G G0 (1 + z )

n

(5)

where G0 has been set equal to 20 MPa (the previous constant
value) and n is a dimensionless parameter governing the
growth of G. When n=0 the distribution corresponding with G
constant of Fig. 7 is obtained.

different hardening rules in Fig. 4 are employed; (iii) the timesensitiveness, i.e. the fluidity parameter η in eq. (1d) is varied.
First of all the quantitative effect of η is illustrated (since m is
kept constant). In Fig. 9 the Uirr time history at the top of the
10m-thick stratum is plotted: as a first step, no
hardening/softening has been introduced, so that an elastoperfectly viscoplastic model has been set (the parameter
calibration is the same declared in Fig. 5).
As was expected, the η variation allows to recover the whole
field ranging between elasticity (Uirr nil) and plasticity (which
is the time-insensitive limit). The Uirr versus time curves
calculated at the top put in evidence the progressive
development of irreversible strains, associated to the wave
propagation within the soil stratum. The numerical solutions
appear to be very η-sensitive: it is evident that viscoplasticity
is a tool to be handled with great care. The parameter η has to
be calibrated on experimental test results, otherwise η could
become just a parameter to be varied to adjust the numerical
results.

Fig. 8. Elastic peak mobilized friction angle for different
depth-distributions of G (H=10 m, G0=20 MPa→Vs0=100
m/s).
Such spatial soil stiffening plays qualitatively the role of a
thickness shortening, as it has the effect of increasing the
length of the propagated shear waves. The shape of the ϕmob
envelope gradually modifies with the n value; for instance the
curve obtained for n=1 (Fig. 8) looks very similar to that in
Fig.7 corresponding to H=2 m and G constant along the depth.

Effects of soil non-linearity and rate-sensitiveness
Although elastic analyses can be usefully employed to
understand how the system behaves under the imposed
shaking, non-linear analyses are indispensible when the
evaluation of irreversible displacements and/or the prediction
of failure mechanism is requested. In this section the results of
some parametric analyses are reported. These are aimed at
clarifying the role played by the soil rate-sensitiveness and
ductile or brittle behavior in determining – together with the
geometrical parameters – the deformation of the slope.
The numerical results are shown by considering essentially
three aspects: (i) the geometry, i.e. the stratum thickness H,
(ii) the ductility of the soil mechanical response, i.e. the two
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Fig. 9. Irreversible displacement vs time at the top of the soil
stratum for different η values (α=25°, H=10 m, nonhardening model).
The effects of rate-sensitiveness are now considered with
reference to the hardening model already described and
calibrated in §2.2. In Fig. 10 the final spatial distributions
(t=0.8 s) of both inelastic strains and displacements are
reported (three different η values and three stratum thicknesses
are considered). For the sake of completeness, the elastoplastic case has also been analyzed.
The strain distributions are more spatially diffused for lower η
values: such a smoothing effect can be considered in general a
consequence of the delayed inelastic response. However, as
far as the employed hardening model is concerned, beyond the
threshold η=10 s-1 the difference between viscoplasticity and
plasticity is almost negligible.
Qualitatively, H plays the same role already discussed with
reference to elastic analyses. Passing from 10 m to 2 m, the γvp
and γp distributions tend to become more uniform and their
highest values to be shifted towards the lower zone of the
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stratum. Nevertheless, in all the analyzed cases no localization
occurs, although the elasto-plastic curve in Fig. 10e (H=2 m)
shows a pronounced strain concentration at the soil/bedrock
interface (but it is not sufficient for giving rise to a
displacement discontinuity, Fig. 10f).
Then, the same analyses illustrated in Fig. 10 have been newly
performed by employing the aforementioned softening model
(see §2.2). The corresponding results are plotted in Fig. 11 (for
the sake of brevity the γvp and γp distributions are reported only
for the case H=10 m). In order to quantitatively compare the
numerical results previously obtained with reference to the
hardening ideal soil, as is illustrated in Fig. 4, the hardening
and the softening rules are characterized by the same
maximum ϕ value. The authors are aware that this assumption
is not geotechnically meaningful, nevertheless this choice is
quite convenient to put in evidence the material ductility
importance in influencing the system mechanical response.

Fig. 10. Effect of rate-sensitiveness on the final spatial
distribution of irreversible strain/displacement, for H equal to
10 m (a-b), 5 m (c-d) and 2 m (e-f) and α=25° (Hardening
model).

By comparing the numerical results of Fig. 10-11 the
following observations can be derived:
(1) in contrast with that observed in case of hardening, when
a softening numerical analyses are performed localization can
take place. The phenomenon is severely influenced by
parameter η. While η being small enough, the curves obtained
with the softening model are rather smooth; in contrast, when
η=50 s-1 and even more for the elasto-plastic case, localization
evidently occurs and a set of several shear bands can be
observed for all the analyzed H values. In viscoplasticity, if a
softening material is accounted for, the occurrence of
localization is strictly connected to the soil time-sensitiveness:
in other words, if the development of inelastic strains is time-
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delayed enough, the formation of shear band is likely not to
take place;
(2) even though localization appears, in none of the
considered cases the Newmark single rigid block assumption
seems to be fully applicable, but rather at least a multi-block
model has to be employed. Unfortunately, predicting a priori
the number and the position of the shear bands is not trivial at
all, so that the necessity of full continuum non-linear dynamic
analyses emerges.

Fig. 12. Irreversible displacement vs time at the top of the soil
stratum for two different residual friction angles in the
softening model (α=25°, H=10 m, η=50 s-1).
Since several parameters are involved in the definition of the
Λ/H ratio, as stated above, the variation of the stratum
thickness is not the unique way to modify the slope
deformation. To stress this point, in Fig. 13 the results of some
numerical analyses performed at varying values of the elastic
shear wave velocity Vs are reported (Fig. 13a-b refer to the
hardening case, Fig. 13c-d to the softening one). The
qualitative effect of an increase in Vs seems to coincide in both
cases: whilst in the former displacements remain continuous
and the highest values of shear strains move progressively
downward, in the latter is the position of shear bands moving
downward.

Fig. 11. Effect of rate-sensitiveness on the final spatial
distribution of irreversible strain/displacement for H equal to
10 m (a-b), of 5 m (c) and 2 m (d) and α=25° (Softening
model).
In all the examples discussed here above (also when
localization is allowed to develop), the dynamic response can
be defined to be stable, since the Uirr development stops when
the inertial actions are exhausted. Indeed, the chosen residual
friction angle (ϕr=26°) is larger than the slope inclination
(α=25°). In Fig. 12, instead, it is exemplified the case in which
ϕr<α and an unstable/collapsing response results.

Paper No. 3.19b

8

viscoplastic medium requires a finite time to develop, the
shear band thickness will be necessarily a function of both the
wave frequency and the characteristic time.
In Fig. 14 these concepts are exemplified with reference to the
analyses reported in Fig. 11d (H=2 m), but only relatively to
the cases in which localization occurs (η=50 s-1 and elastoplastic). To quantitatively describe the dependence of solution
on the mesh-refinement, several FE results have been
compared (for a number of elements ranging from 20 to 600).
In Fig. 14a-b the plots of γvp and γp final distributions are
magnified about the deepest shear band (each line marker
corresponds to a single Gauss point). For the elasto-plastic
case (Fig. 14a) the shear band width is always coincident with
the decreasing FE size and the γp peak value tends to grow up
indefinitely. On the contrary, the viscoplastic solutions (Fig.
14b) are characterized by the formation of a finite-sized shear
band (about 3 cm) and by the convergence of the γvp values as
well: also the coarser mesh (20 elements), which cannot
capture the band thickness (elements are wider than 3 cm),
provides a solution which seems to be just less accurate, not
meaningless. In Fig. 14c-d results are shown in terms of Uirr
distributions. As far as the elasto-plastic solutions are
concerned, as a consequence of the band-narrowing, the main
sliding mechanism at the bottom appears to be characterized
by decreasing irreversible displacements.

Fig. 13. Influence of the Vs value on the final spatial
distribution of irreversible strain/displacement in the
hardening (a-b) and softening cases (c-d) (α=25°, H=10 m,
η=50 s-1).
A similar trend could be obtained also by decreasing the
dominant frequency of the input ground motion, since a
decrease in the dominant frequency determines an increase in
the maximum propagating wavelength (di Prisco et al. 2008).

Mesh-dependence of the numerical solution
As is well-known, when softening regimes are analyzed, the
set of differential equations governing the standard elastoplastic problem becomes ill-posed and the uniqueness of the
solution is not ensured. By a numerical viewpoint this is
detrimental, as it implies a “pathologic” dependence of the FE
solution on the mesh size: by progressively refining the spatial
discretization no convergence can be obtained and the shear
band thickness tends to become infinitesimal. Instead, this
variable should be finite and related to a material internal
length. In contrast, several authors (Needleman 1988, Loret
and Prevost 1990, Sluys 1992) showed the viscoplastic
problem to always remain well-posed, giving rise to objective
numerical solutions in both static and dynamic applications.
This derives from the introduction of a material characteristic
time, i.e. from the soil rate-sensitiveness (in the
aforementioned model related to η). Indeed, since a
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Alternative strategies to deal with these problems consist in
employing the so-called high-order constitutive models (nonlocal and gradient approaches, Pijaudier-Cabot and Bazant
1987, di Prisco et al. 2002), according to which the material
characteristic length is introduced explicitly within the
constitutive formulation. These approaches have been proven
to be very effective for dealing with failure problems in brittle
materials,
but
of
course
they
involve
a
theoretical/computational effort larger than viscoplasticity.

THE CASE OF A REAL SEISMIC EXCITATION
In this section the remarks driven above are confirmed by
considering an application in which a real seismic
accelerometric record is imposed as input ground motion. In
particular, a record from the recent ML=5.8 L’Aquila
earthquake (Italy, 2009-04-06, AQG station: Repi=4.4 km,
PGA=0.474 g) has been chosen (http://itaca.mi.ingv.it). From
the whole record the most meaningful time-window of 20
seconds has been selected (Fig. 15a). In Fig. 15b the Fourier
spectra (normalized with respect their peak amplitude value)
of both input acceleration and displacement are reported. By
comparing the Ricker wavelet displacement Fourier spectrum
(Fig. 6b) with the corresponding one in Fig. 15b, it is evident
that in the case of L’Aquila earthquake much lower
frequencies are involved.

Fig. 14. Mesh-dependence of the numerical response for
softening elasto-plastic and elasto-viscoplastic (η=50 s-1) soils
(α=25°, H=2 m). Localization of plastic (a) and viscoplastic
(b) strains at the stratum bottom; comparison between the
final Uirr profiles (c-d).
Nevertheless, viscoplasticity hides at least two shortcomings:
(1) despite some successful attempts (Sluys 1992), the a
priori evaluation of the shear band width is not trivial at all, in
particular when pronounced non-linearities in the constitutive
relationship are introduced;
(2) since viscoplasticity tends to plasticity by inhibiting the
rate-sensitiveness (η→∞), even the shear band thickness
reduces gradually – even though the problem keeps its wellposedness – until unrealistic small values. In other words,
viscous parameters are in general not sufficient at the same
time to reproduce the time-dependence of the mechanical
response and to describe the strain-localization.
(3)
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Fig. 15. L’Aquila earthquake: (a) an accelerometric record
and (b) normalized Fourier spectrum of the recorded
acceleration and of the time-integrated displacement.
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The numerical results, concerning a 10 m-thick stratum, are
obtained by imposing η=50 s-1 and by employing both the
hardening and the softening versions of the aforementioned
constitutive model.
In Fig. 16a both the simulated Uirr time histories at the top of
the stratum are plotted. In Fig. 16b the final Uirr spatial
distributions are compared. While in the hardening case the
displacement field is everywhere continuous, in the softening
one the soil brittleness together with a sufficiently high ratesensitiveness gives rise again to the formation of several shear
bands along the whole depth (as the involvement of low
frequencies is expected to determine).

CONCLUDING REMARKS
In this paper several aspects about the dynamic performance
of earth slopes have been remarked. Under the simplifying
assumption of a infinitely long slope, a 1D finite element code
has been developed and employed to simulate the shear wave
propagation within the system, caused by a prescribed ground
motion of the underlying bedrock. The propagation of shear
and volumetric disturbances have been supposed to be
uncoupled also in the non-linear field. A 1D constitutive
model has been adopted, formulated by providing the
relationship between the shear stress and the associated shear
strain component. The key-point of the constitutive
formulation lies on the assumption of rate-dependency of the
inelastic soil mechanical response, translated into the use of an
elasto-viscoplastic model: in particular two distinct setting of
the same model – hardening the former and softening the latter
– have been compared, so that the differences between the
dynamic response of ductile and brittle systems have been
illustrated.
A special attention has been paid to the analysis of the
deformation-mechanisms induced by input motions. Useful
information to judge the suitability of simplified approaches
has been derived. The main features of the slope deformation
have been parametrically discussed by varying the stratum
thickness, the soil elastic stiffness and the fluidity parameter.
This last quantifies the “reactive” of the material in generating
irreversible strains (comparisons with the rate-insensitive
elasto-plastic case have been performed, too).

Fig. 16. Simulation of the viscoplastic slope response to the
L’Aquila earthquake for the hardening and softening models
(α=25°, H=10 m, η=50 s-1): comparison between (a) the Uirr
time histories of the top and (b) the Uirr final spatial
distributions.
Under a qualitative viewpoint, the results obtained for the
impulsive solicitation do not look so different from those
corresponding to a real seismic input. However, as a
consequence of the input complexity, in this latter case much
larger irreversible displacements are predicted.
Finally, even if the growth of unrecoverable displacements is
not unlimited and thus a proper slope collapse cannot be
individualized, their accumulation can become excessive for
any serviceability requirement.
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From the obtained numerical results the following conclusions
can be inferred:
(1) the slope deformation depends essentially on the Λ/H ratio
between the maximum propagating wavelength and the
stratum height. By increasing this ratio, the inelastic strains
suffered by the slope pass from a concentrated distribution in
the upper zone of the deposit to a gradual smoothing of their
spatial distribution (with a growing involvement of the lower
zone). Before running non-linear analyses, several qualitative
information about this issue have been derived from the results
of elastic stress analyses;
(2) the introduction of soil viscosity has an important
quantitative effect, since, by varying the fluidity parameter
from zero to the infinity, the mechanical response passes from
elastic to elasto-plastic. For this reason the calibration of
viscous properties should be quite accurate. In general, the
lowering of the viscous parameter entails a growing spatial
diffusion of the viscoplastic strains and a reduction in their
peak values;
(3) when a purely hardening soil behavior is assumed, the
possibility of shear band generation is, in the framework of a
τ-γ model, prevented. Nevertheless, even if the slope does not
properly “fail”, the evaluation of irreversible displacements is
crucial, because a “loss of serviceability” of the system can
occur. In contrast, when a brittle/softening behavior is taken
into account, strain localization can really occur, as long as the
inelastic response of the material is sufficiently fast (i.e. the
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fluidity parameter is large enough). In such cases the
employment of a viscoplastic model is not only an
enhancement of standard elasto-plasticity, but also a simple
way to keep the problem well-posedness and to get objective
solutions. This due to the material “characteristic length”
implicitly embedded in the viscoplastic formulation, as a
consequence of rate-sensitiveness;
(4) Also in the cases in which localized failure takes place,
the simulation of the real wave propagation phenomenon
seems hard to be substituted by other simplified approaches
(rigid-block models), since the number and the position of the
shear bands are not a priori predictable.

Meng, J. [2003]. “Simultaneous determination of shear
modulus and damping ratio”, PhD thesis, Georgia Institute of
Technology, Atlanta, Usa.

Finally, an attempt to extend the aforementioned conclusions
to more practical applications has been done by considering
the case of a real sesmic input ground motion.

Needleman, A. [1988]. “Material rate dependence and mesh
sensitivity in localization problems”, Comput. Methods in
Appl. Mech. Engrg., No. 67, pp. 69-85.
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